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ABSTRACT

The reals with addition and the positive reals with multiplication are isomorphic as
groups. From that point of view, the two-sided Laplace transform and the Mellin
transform are different representations of the same transform. This allows us to easily
derive the properties of the Mellin transform from the properties of the two-sided Laplace

transform. The method extends to functions of several variables as well.
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INTRODUCTION

In this paper, two integral transforms are under consideration: the two-sided
Laplace transform and the Mellin transform. Our purpose is to show that these two
transforms are actually different versions of the same transform. Consequently, it suffices
to study properties of one of them, andvthen simply translate the results to the language of
the other. An additional advantage of this approach is that it extends nicely to the case of
the transforms of functions of n variables.

The equivalence of the two-sided Laplace transform and the Mellin transform has
its roots in the isomorphism between the additive group of all real numbers R and the
multiplicative group of all positive reals R,. We begin our investigation by defining and
establishing a group isomorphism between these groups. The defined isomorphism
transfers the Lebesgue measure on R to a new measure on R,. Next, we define
convolution operations for functions on R and for functions on R, which are related to
the group operations in R and R.. Finally, we seek an operation that takes functions in
one variable on R and redefines them in another variable on R.. This operation helps
determine the simple substitution that is needed to show the equivalence between the
properties of the two-sided Laplace transform and those properties of the Mellin
transform.

In Chapter 2, we discuss the Laplace transform and its properties. Chapter 3 is
devoted to the Mellin transform. We do not use the integral definition to prove the

properties of the Mellin transform; instead, we use substitution and properties of the




Laplace transform. Finally, in Chapters 4 and 5, we extend this approach to functions of

several variables.




CHAPTER 1
PRELIMINARY CONCEPTS

The equivalence of the two-sided Laplace transform and the Mellin transform has
its roots in the isomorphism between the additive group of all real numbers R and the
multiplicative group of all positive reals R.. In this chapter, we take a look at the general
definition of a group and the notion of a group isomorphism. Then, we establish an
isomorphism between the two groups mentioned above and define a measure on R, which
is induced by the isomorphism. Finally, we define two convolution operations: for

functions defined on R and for functions defined on R..

1.1. Groups (R, +) and (Ry, *)

Definition 1.1. A group (G, ) consists of a set G and an operation * such that
(a) for every ordered pair (z,y) of G there is a unique element = * y also in G,
) (zxy)*x2z = zx(y*xz)foralz,y 2z €q,

(c¢) There exists an identity element e € G suchthatz xe = exz =xforallz € G,

1 1

(d) Forevery z € G there exist z le Gsuchthatz xz71 = z7lxz = e

(z~1is called the inverse of z) (Kim, 67-68).
In this paper we consider two groups: the reals with the operation of addition,
(R, + ), and the positive reals with the operation of multiplication (R. .- ). It is easily

seen that in both cases all conditions in the definition of a group are satisfied. Clearly, R,




is a subset of R; however, (R, .- ) is not a subgroup of (R, + ) since the operations are

different.

Definition 1.2. Let (U, *,) and (V,x,) be groups. A bijective function ¢ : U— V with
the property that for any two elements z and y in U,

¢z *uy) = ¢(z) % BY)
is called a group isomorphism from U and V. If a group isomorphism exists, we say that

the groups are isomorphic.

Properties of an isomorphism:
(a) ¢(ey) = ey, where ey is the identity of U and e is the identity of V,
() ¢(z71) = (¢(z))! forallzinU,
(¢) U and V have the same cardinality, and
(d) z and y commute in U if and only if ¢(z) and ¢(y) commute in V.
The proofs of (a), (b), and (c) are easily constructed using the previous

definitions. To prove (d), note that zy = yx implies

d(z)d(y) = d(xy) = (yz) = d(y)d(x).

Therefore, if z and y commute then ¢(z) and ¢(y) commute. If ¢(z)d(y) = ¢(y)d(z),
then ¢(zy) = ¢(yz). Since ¢ is 1-1, zy = yz is evident (Shapiro, 48-49).

If two groups are isomorphic, we can say that they are replicas of each other.
Although they may be defined by different elements and operations, they should still have
the same structure with the same properties. To prove that (R, + ) and (R, - ) are
isomorphic consider the function ¢(z) = e*. We know that ¢ is bijective and

et = e%? or equivalently ¢(a + b) = ¢(a)$(b). The function ¢ is indeed an




isomorphism from (R, + ) and (R, -). Note that the inverse of ¢,¢ ™ (z) = Inz, isan

isomorphism from (R -)to (R, +).

1.2. Measures on R and R,

We proceed with defining measures on R and R.. A measure assigns a number to
each set in a certain class. The objective of this section is to define a measure p on R,
such that (¢(S)) = A(S), where A is the Lebesgue measure on R.

The Lebesgue measure is determined by the measure of intervals. The Lebesgue
measure of any interval (a, b) is equal to the length of that interval, b — a. This measure
can be calculated for any open set, since an open set is the union of open intervals.
Standard techniques allow us to extend X to all measurable Borel sets, or all measurable
sets (Ash, 3-26).

Now we define a measure p on R,. Since we want p to satisfy the condition
p(#(S)) = A(S) for a set S C R,, we first apply ¢! to that set to get $~(S) C R,

then find the A-measure of ¢~!(S). This is the u-measure of the set S C R,.

Definition 1.4. The p-measure defined on R, is

p(8) = Mg~ (S))-

IfS = (a,b) C R,, then $*(a,b) = (Ina,Ind) and A(lna,Ind) = Inb — Ina =
In % Therefore, 1(a,b) = In aﬁ Similarly, we now choose the set .S to be an interval
(a,b) C R which implies ¢(S) = (e%, e?). Then A(S) = A(a,b) =b—a and
(#(S)) = Ine® — Ine® = b — a. Indeed, the two measures are equivalent, that is,

AS) = p(¢(5)).




Intervals in R do not change measure under translation. If we take any open
interval (a, b) and add a constant ¢ to every element in the interval, then the new interval
(a + ¢, b + c) will have the same measure as the old interval. By the definition of
Lebesgue measure, we know that A(a,b) =b —a and

Ma+ce,b+c)=b+c—(a+c)=b—a.

Since the Lebesgue measure of an arbitrary measurable set S is determined by the measure
of intervals, we have A(S + ¢) = A(S), where S + ¢ = {s +¢,s € S}. Since addition in
R corresponds to multiplication in R., we expect the measure 4 to be "multiplication

invariant".

Example 1.1, Take S = (0,1) on R with A(S) = 1. Then ¢(0,1) = (1, e) for which
p(@(S)) =In¢ =Ine—In1=1. Now add a constant ¢ = 2 to S to get (2,3) for
which A(S +2) =3 — 2 = 1. Using a specific numerical example we see that X is
indeed translation invariant on R . However, y is not translation invariant since

w(B(S) +2) = u(3,e+2) = In &2 clearly does not equal p(¢(S)) = 1.

Example 1.2. Let us start with a set on R, say (2,3). Then ¢~ 1(S) = (In2,1n3).
Clearly, p£(2,3) = lng’- and A (¢71(S)) =In3—In2=1n g— Now let's multiply S by

¢ = 2 to get (4, 6) for which p(25) = né = ln%,which is the same as the u-measure of
the original set. Therefore, we can say that p is multiplication invariant on R+, but X is

not multiplication invariant on R.




1.3. Convolution of Functions on R and R,

As elements of R and R, can be identified via the isomorphism ¢, the function
on R can be identified with the functions on R,. Let T be an operation such that
(Tf)(t) = f(Int). In other words, T takes functions in one variable in R and redefines
them in another variable in R.. If f,g € C(R), then Tf,Tg € C(R,).

In this section we define two convolution operations: one for functions on R and

the other for functions on R..

Definition 1.5. The convolution of two functions f and g on R is defined as

teo® = [ :f(t _ 5)g(s)ds,

if the integral exists almost everywhere.

The objective here is to find a convolution for functions on R, such that

T(f*g) = (Tf) © (T9).

In other words, we want the following diagram to commute:
fhg T , T/Tyg
* 4 Il o
fxg _ T, T(f*g)
Figure 1.1
This figure shows that the end result will be the same if we apply T to the functions before

performing the ® -convolution or perform the *-convolution first and then apply T'.




However, before beginning this task, we first show by example that * will not

have the desired property, that is,
T(fxg) # Tf = Tg.

Example 1.3. Let

1 0< z< 1
flz) = {O, elsgwhere_ and  g(z) = z.

Taking the convolution of f, g we have

(frg)@) = / :f(:v ~ 5)g(s)ds

- /Ol@_s)ds

1
1
= |zs — =&
{ 2 }0

fomeng xr —

N | =

Now using (T'f)(t) = f(Int), we have T(f*g)(t) = Int — 3.
Applying T to f, g first yields,

(T)E) = {(1) l<t<e and  (Tg)(t) = Int.

elsewhere




Now taking the convolution of Tf,Tg, we have

Tf#)« Tot) = /0 " (To)(t - )(TS)(s)ds

= / In(t — s)ds
o

= / Inudu = [u(lnu — 1)):"}
— (t—1Dnt—(t—e)in(t—e).

Clearly, from the example, * does not work. So we are still seeking an operation ® for
functions on R, that will give us the same convolution as * on R.
We want to derive the convolution ® using T~ on C( R.). The operation 71

takes functions on R, to functions on R:
(T =) = f(e).

For f, gdefined on R, if we want
T(fxg) = (Tf) © (T9),
we must have
T(T' f*T'g)=f0Oyg

for f, g defined on R,. This can be used to find a formula for f ® g. Indeed, we have

(fogt) = T(f(e’)*g(e))

- T( / Zf(ex‘s)g(es)dS)

_ /oof(elnt—-s)g(es)ds

—00

= /oof<t ) g(r)ir- (allowing e®° = 7).
0 r

r




Definition 1.6. The convolution of two functions f and g on R, is defined as

Fog®) = [, f(ter)E,

if the integral exists almost every where.

The convolution @ is the standard convolution in the space of functions on the

group (R, - ) with respect to measure p.

Theorem 1.1. Given two functions f, g for which the convolution exists,

T(f+g) =Tf 0Ty

Proof of Theorem 1.1 follows from the above calculations of f © g.

10




CHAPTER 2
TWO-SIDED LAPLACE TRANSFORM

2.1. Basic Definitions

In this chapter, we discuss the two-sided Laplace transform, its interval of

convergence, and some basic operational properties.

Definition 2.1. (Two-sided Laplace transformable functions). A function f is called two-

sided Laplace transformable, if ay < By where

-0

0
afzinf{w ER:/ |f(z)|e“*dz <oo},

and

Br = sup{w eER: /oolf(a:)le“’zdx < oo}.
0

The interval (as, Bf ) will be called the interval of convergence, denoted by Qg (f(x)),
and the subset of the complex plane {z + iy : z € (ay, By )} will be called the strip of

convergence, denoted by Qc(f(z)).

11




The following theorem is a direct consequence of the above definition.

Theorem 2.1, Let f(x) be a two-sided Laplace transformable function. Then the

integral

/00 e’ f(z)dz

-0

converges for every s € Qc(f(x)).

Proof: Note that

/oo e’ f(z)dz = /0 e’ f(z)dz + /Oooesxf(x)da:.

-0 —0o0

Thus, the integral [*_e** f(z)dz converges if and only if f° e f(z)dz and
fs” e*® f(z)dz both converge. We have

0 0
/ [es‘”f(:v)|dx — / |e(Res+iIms)a:f($)ldw

—00

0
- / |17 m 92| £ (z) | daz

—00

0
= / eRe9)?| f(z)|dz < oo,

-0

since 8 € Q¢ (f(z)) and thus Res > ay. Similarly,

o0 o0
Av es:cf(x)dx — /O le(Res-{-iIms)xf(x)ldx
= [ 16t @)l
x
- /0 eRe9)7| £(23|dz < oo,

12




since s € Q¢ (f(z)) and thusRes < Gr . O

Definition 2.2. (Two-sided Laplace transform). Let f be a function of the real variable z,

then

Lot = [ : e f(z)dz

is called the two-sided Laplace transform of f.

Thus, the two-sided Laplace transform of f is a function defined in the strip of
convergence of f.

This definition is not the conventional definition of the Laplace transform. The
standard definition is £{f(z); s} = [2 7" f(z)dz. We could say that we are using the
mirror image of the standard transform. Our definition facilitates the construction of the
proofs. Since the two-sided Laplace transform is the only form of a Laplace transform
considered in this paper, we will simply call it the Laplace transform. Likewise, two-sided

Laplace transformable functions will be called Laplace transformable.

2.2. Basic Operational Properties of the Laplace Transform

Theorem 2.2. (Shifting Property). If f(z) is Laplace transformable and a is a real

constant, then e*® f () is Laplace transformable and and we have

L1 L{e”f(z);s} =L{f(z);s+a}.

Moreover, if Qr(f(z)) = (ay, Br), then Qr(e* f(z)) = (af — a,Bf — a).

13




Proof: From the definition,

L{e®f(z);s} = /00 e*“e™ f(x)dz

-0

_ /00 e(3+a)mf<x)dx

= LA{f(z);s+a}.
This proves L1. Moreover, since £ {f(z); s + a} is defined whenever

s+a € (ay,Bf), L{e*f(x); s} must converge for s € (af — a,Bf — a). a

Theorem 2.3. (ZTranslation Property). If f(x) is Laplace transformable and a > 0, then

f(z + a) is Laplace transformable and we have

L2 L{f(z+a);s} = e“L{f(2);s},

Moreover, L{f(z); s} and L{ f(x + a); s} have the same interval of convergence.

Proof: We have
ferayst = [ efarais

—00

- / " o= flu)du

—00

= e‘“S/OO e’ f(u)du
= e L{f(z);s}

This proves L2. Moreover, since e %L {f(z); s} is defined whenever s € (ay, Bf),

L{ f(z + a); s} must also converge for s € (ay, Bf). O

14




Theorem 2.4. (Scaling Property). If f(z) is Laplace transformable and a # 0O, then

f(az) is Laplace transformable and we have
1 s
L3 L{f(az)ish = =L {f@)}.

Moreover, if Qr(f(z)) = (af, Bf), then Qr(f(az)) = (aay, afy).

Proof: A simple substitution yields

/oo e“f(ax)dx

-0

= %/:esﬁf(u)du

= %/00 e¥s f(u)du

—00

- ferd)

L{f(az); s}

Thus, L3 holds. Moreover, since 2L {f(z); £} is defined whenever £ € (a5, Bf),

L{ f(az); s} must converge for s € (aay, afs). O

Theorem 2.5. (Derivatives of the Laplace Transform). If f(x) is Laplace transformable,

then z f (x) is Laplace transformable and we have
d
L4 L{z f(e);s} = - L {f(z);s}-

Moreover, Qr(z f(z)) = Qr(f(z)).

15




Proof: By differentiating within the integral sign, we obtain

Letersr = [ g ef@s
- / " ze’ f(z)dx

—00

= /00 e“zf(x)dz
= L{zf(z);s}

This proves L4. Moreover, since 4= £{ f(z); s} is defined whenever s € (ay, Bf),

L{z f(z); s} must also converge for s € (ay, By).

Corollary 2.5. If f(z) is transformable and p(z) is a polynomial, then p(z) f (x) is

Laplace transformable and we have

L{p(z)f(z); s} = p(5£)L{f(x);s}.

Theorem 2.6. (Laplace Transform of Derivatives). If f(x) is Laplace transformable

and lirrc}o e f(z) = lim e** f(z) = 0 for all s € Qr(f(z)), then f'(z) is Laplace

transformable and we have

LS L{f'(z);s} = — sL{f(z);s}.

Moreover, Qr(f'(z)) = Qr(f(z)).

16




Proof : Using integration by parts, we get

L{f/(z)s) = / " et f1 () da

—00

= [esmf(x)]c:ooo _ S[ eszf(x)dx
= Jlime” (@) - lim e*f(z) - oL{f(z);s}

= —sL{f(z);s}.

This proves LS. Moreover, since — s£{ f(z); s} is defined whenever s € (ay, 5r),

L{ f'(x); s} must also converge for s € (ay, Bf). O

Theorem 2.7. (Convolution Theorem). If f(z) and g(z) are both Laplace transformable

and Qr (f(2)) N Qr(g(z)) # 0, then f(z)xg(x) is Laplace transformable and we have

L6 L{f(z)*g(z); s} = L{f(x);s}L{g(z);s}.

Moreover, if Q(()) = (s, ) and Qs (9(2)) = (o), then Qs (f(2)g(2) C
(af) IBf) N (ag’ :39)

Proof: Letting u = z — y and changing the order of integration, we obtain

L{f(z)xg(x);s} = /_ Z /_ :e”’f(x—y)g(y)d:vdy
= [ [ swets sy

= /_ Zesyg(y)dy [ ™ f(u)du
= L{f(z);s}L{g(z);s}.
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This proves L6. Moreover, since £{ f(z); s} and L{g(z); s} are defined whenever
s € (af,Br) N (ag, By), L{f(z)*g(x);s} must also converge for

s € (ay, Br) N (ag, By).

Theorem 2.8. (Inversion Formula for the two-sided Laplace transform). If f(x) is

integrable over every finite interval and is two-sided Laplace transformable, then

lim — c+iTF(s)e—”vds _f@t) + fl@o )
T—oo 2T J, _ i1 2 ’

where F(s) = L{f(z);s}, f(z) is of bounded variation in some neighborhood of z,,

and ¢ € (ay, By). In particular, if f is continuous at z,, then

¢+ 1T

1 1 —3Zo —
7qh_r)r;g i) F(s)e™*%ds = f(z,).

The proof can be found in Integral Transforms by Lokenath Debnath.
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CHAPTER 3
MELLIN TRANSFORM

In this chapter, the Mellin transform of f(t) and its properties are derived using simple

substitutions and basic properties of the Laplace transform.

3.1. Basic Definitions and Comparison with the Laplace Transform

Definition 3.1. (Mellin transformable functions). The function f(t) is Mellin

transformable if Ay < By where
1
A;=infwe R: / If (@)t dt < oo ¢,
0

and
By = sup{w € R: / |F @)t 1dt < oo}.
1

Therefore, the interval of convergence of the Mellin transform of fis (A, By), denoted

by Ar(f(2)).

Theorem 3.1. A function f : (0, 00) — R is Mellin transformable if and only if f(e*) is
two-sided Laplace transformable. Moreover, Ag(f(t)) = Qr(f(e*)).
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Proof: Note that

0 0
[ iseliemis = [ il

—00

0
— / If(em)]e(Res)zdx

—C0

= / et
0 t

- / e a,
0

Similarly,
[iseneies = [Ciseetooras
1
= / If(t)ltReSElE
0 t
1
= / If(t)ltRes_ldt.
0
Therefore,
! 0
infRwe R: / |f(t)|tw_1dt <oop,=infew eR: / lf(e:c)leuzdx < OO}
0 —0
and

sup{w € R: /oo|f(t)|t"’“1dt < oo} = sup{w eER: /oolf(ex)|e"’zda: < oo}.
1 0

This proves that Ag(f(¢)) = Qr(f(e*)) and f(t) is Mellin transformable if and only if

f(e®) is Laplace transformable. O
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Theorem 3.2. If f(t) is a Mellin transformable function, then [;°t*~ f (t)dt converges
for every s € Ac(f(2)).

Proof: Since [°t*1 f(t)dt = [;° eV f(e®)edz = [ f(e”)e” dz, this theorem

follows from Theorem 3.1. O

Definition 3.2. (The Mellin Transform). Let f be a function of a real variable ¢, then

Mf(®); 5} = /0 e f e

is called the Mellin transform of f(%).

Suppose we take f(z), substitute z = Int, then apply the Mellin transform:

M{f(nt);s} = /ootS‘lf(lnt)dt

0

= / e**"1 f(In e®)e"dx

—0

= /oo e f(z)dz.

—0

In other words, the Laplace transform of f(z) is the same as the Mellin transform of

f(In t) and we have therelation,
L{f(z);s} = M{f(Int);s}.

Conversely, the Mellin transform of f(¢) is the same as the Laplace transform of f(e”),

and we have the relation

M A{f(t); s} = L{f(e®); s}
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These two equalities will be useful in proving the basic operational properties of the Mellin

transform. We formulate them more precisely in the following two theorems.

Theorem 3.3. If f(z) is Laplace transformable, then f(Int) is Mellin transformable and

L{f(z); s} = M {f(In?); s}

Theorem 3.4. If f(t) is Mellin transformable, then f(e®) is Laplace transformable and

M {f(t);s} = L {f(e®); s}

Taking into account our previous discussion, we can say that the two-sided
Laplace transform and the Mellin transform are two versions of the same transform. The
first one is defined for functions on the group (R, -+ ), and the second one is defined on

the isomorphic group (R, * ). The group isomorphism identifies the two transforms.

3.2. Basic Operational Properties of the Mellin Transform

The construction of the following proofs of the basic properties of the Mellin
transform will be quite different from the standard method of integral substitution. The
procedure consists of allowing t = e” and rewriting the Mellin transform in terms of the
Laplace transform, M {f(t); s} =L {f(e®); s}. Then, by carefully applying appropriate

properties of the Laplace transform, we prove the properties of the Mellin transform.
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Theorem 3.5. (Scaling Property). If f(t) is a Mellin transformable function and a > 0,

then the function f(at) is Mellin transformable and we have

M1 M{f(at); s} = a”* M{f(¢); s}.

Moreover, Ar(f(at)) = Ar(f(2)).
Proof: By replacing t with e”, we have

M {f(at);s} = L{f(ae®);s}

= L{f(e™e);s)

— E{f(e:v+lna);s}
e ML {f(e®);s}  (by L2)
= a*M{f(t);s}.

This proves M1. Moreover, since a* M{ f(t); s} is defined whenever

s € Agr(f(t)), M{f(at); s} must also converge for s € Ag(f(t)). O

Theorem 3.6. (Translation Property). If f(t) is a Mellin transformable function, then

the function t° f (t) is Mellin transformable and we have

M2 M{t°f(t); s} = M{f(t); s+ a}.

Moreover, Agr(t°f(t)) = Ar(f(t)) — a.

Proof: Using L1, itis clear that

Mt f(t);sy = LA{(e)°f(e”); s}
L {e" f(e"); s}

L{f(e);s+a}
= M{f({);s+a}.
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This proves M2. Moreover, since M { f(t); s + a} is defined whenever
s+a € Agr(f(t), M {t*f(¢); s} must converge for Ag(f(t)) — a. O

Theorem 3.7. If f(t) is a Mellin transformable function, then the function f(t*) is

Mellin transformable and we have
ay. g1 = L .8
M3 M{fysy = -m{f@: s}

Moreover, Ar(f(t*)) = aAr(f(%)).

Proof: For this particular proof, L3 is used to show

M{FE )8y = LA{f((e")%); s}
= L{f(e*);s}

ey
_ %M {re52}

This proves M3. Moreover, since 2M {f(t); £} is defined whenever £ € Ag(f(?)),
M{f(t*); s} converges for s € aAg(f(2)). O

Theorem 3.8. If f(¢) is a Mellin transformable function, then the function % f (%) is

Mellin transformable and we have

s )

Moreover, AR(%—f(%)) = 1- Ar(f(?)).
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Proof : Using L1, we have

) - merens
— MUY 1)

This proves M4. Moreover, since M {f(t™!); s — 1} is defined whenever
s—1 € —Ar(f(t)), M{2f(});s} converges for s € 1 — Ag(f(2)). O

Theorem 3.9. If f(t) is a Mellin transformable function, then the function (logt)f(t)

is Mellin transformable and we have
d
Ms M{(log t)f (t);s} = —M{f(2); s},

Moreover, Ag((log t)f(t)) = Ar(f(2)).

Proof : Here, L4 is required to show

M{(logt)f(t);s} = L{(loge")f(e");s}
= L{zf(e"); s}

= LLU()s)

d
= MUf();sh

This proves MS. Moreover, since = M{f(t); s} is defined whenever s € Ag(f(2)),
M{(log t) f(t); s} must converge for s € Ag(f(2)). O
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Theorem 3.10. (Mellin Transforms of Derivatives). If f(t) is a Mellin transformable

function, then the function f'(t) is Mellin transformable and we have

Mé6 MA{f(t);s} = — (s =M {f(t);s — 1}.

Moreover, Ag(f'(t)) = Ar(f(t)) + 1.

Proof: Note that if we differentiate f(e®), we simply get e” f'(e”). Therefore, to prove

the above relation we let h(z) = f(e®) implying h'(z) = e* f'(e*), and we get

LA{f'(); s}

L {e "k (z); s}

L {W(z);s—1} (by L1)
~(s=1L{h(z);s -1}  (byL$)
—(s=1LA{f(e);s—1}

— (s =DM {f(t);s—1}.

M A{f'(t); s}

I

This proves M6. Moreover, since — (s — 1)M {f(t); s — 1} is defined whenever
s—1 € Ar(f(t)), M {f'(t); s} must converge fors € Ar(f(%)) + 1. O

Corollary 3.10. If f(t) is Mellin transformable, then ‘= f (t) is Mellin transformable and

we have

M {jTT;f(t),S} = (—-— 1)”(3— 1)(3 - 2)(3 — ’I’Z)M {f(t),s _ n}
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Theorem 3.11. (Convolution Property). If f(t) and g(t) are Mellin transformable
Sunctions and Ag(f(t)) N Ar(g(t)) # 0, then the function f(t) © g(t) is Mellin

transformable and we have

M7 M{f(t) © g(t);s} = M{f(t); s} M{g(t);s}.

Moreover, Ar(f(t) © g(t)) C Ar(f(¢)) NAr(g(2))-

Proof: Using Theorem 1.1, we can write

M{f(t) © g(t); s} L{f(e")*g(e”); s}
L{f(e");s}L{g(e");s}  (byL6)

= M{f(t); s} M{g(¢); s}

It

This proves M7. Moreover, since M{ f(t); s} and M{g(t); s} are defined whenever

s € Ar(f(t)) N Ar(g(t)), M{f(t) © g(t); s} converges for s € Ar(f(2)) N Ar(g(2))-
O

Theorem 3.12 (Inversion Fornmula for the Mellin transform). If f(t) is integrable over

every finite interval and is Mellin transformable, then

c+100
£0) = 5 / 1 F(s)ds,

c—100
where F(s) = M{f(t);s}, f(t)is areal valued function on the positive half line,

sis a complex number, and ¢ € Ag(f(t)).
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Proof: Using the Laplace Inversion Formula, we have

f€) = o[ i
1 c+ioo

and hence f(t) = i) L{f(e");s}t’ds
1 c+ioo

= il M{f(t); s}t’ds.
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CHAPTER 4
TWO-SIDED LAPLACE TRANSFORM OF
FUNCTIONS OF n VARIABLES

In this chapter, we want to extend the concept of the Laplace transform of

functions of one variable as discussed in Chapter 2 to that of n variables.

4.1. Groups (R™+) and (R?, ©)

We will use the following notation: s = (s1,...,8,), t = (t1,...,tn),
z=(x1,...,%), @ = (a1,-..,8), " = (T1,...,70), ¥ = (U1,...,Us),
w=(wi,...,wn), a0t = (aity,...,anty), 8 - & = 8171 +... + 8,Ty, and for a set

S CcRrand a € R?, define S —a = {(s;1 —a,,...,8, — an) : (81,...,8,) € S}. The
operation + is addition on R™, ¢ is the operator on R}, and - is the dot product of two
vectors.

In this chapter we consider two groups: (R", + ) under the (Speration of
addition, and (R}, ¢ ) under the o -operation. In both cases all conditions in the
definition of a group are satisfied. Clearly, R? is a subset of R"; however, (R} ¢ ) is not
a subgroup of (R", + ) since the operations are different.

Furthermore, the two groups are isomorphic, and they share the same structure
with the same properties. In fact, ®(z) = (e™,...,e") is a group isomorphism from
(R", +)to (R} o). Note that the inverse of ®, () = (Inty,...,Int,), isan

isomorphism from (R} ¢ )to (R", +).
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4.2. Convolution of Functions on R"™ and R?

Definition 4.1. The convolution of two functions f and g on R™ is defined as

(7+9t) = [ £t s)als)ds,

if the integral exists almost every where.

Extending the concept from Chapter 1, our objective here is to find a convolution

for functions of several variables on R} such that

T(fxg)(t) = (Tf)®) © (T9)@),

where T is the operation defined by (T'f)(t) = f(Inty,...,Int,). Therefore, T' takes
functions of n variables in R™ and redefines them as functions of n variables in R7.

We want to derive ® using 7" 'on C( R?). The operation T"~! takes functions
on R”to functions on R": (T""1f)(z) = f(e™,...,e™). For f, gdefined on R", if we

want

T(fxg)(t) = (Tf)(¢) © (T9)(®),

we must have

T(T'f+T'g)=f0g

for f, g defined on R7.
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Therefore, we have

(fogr) = T(f(e™,...,e™)xg(e",...,e™))
= T( ]Rnf(exl_sl,...,em"—s")g(esl, ,esn)ds>

= / f(elntl“sl,... ,el“t"_s")g(esl,...,esn)ds
]Rn

. oo o tl tn d?‘l drn a S\
= /0 ~-/0 f(rl,...,rn)g(r) - m ((e™,...,e") =r).

Definition 4.2. The convolution of two functions f and g on R? is defined as

® *® ([t t, dry dr,
(f@g)(t)—/o : /0‘ f(rlw--’rn)g(rlw-'arn) - Tn )

if the integral exists almost everywhere.

Theorem 4.1. Given two functions f, g for which the above convolution exists,
T(fxg) = (Tf) © (T9),

The proof of this theorem follows from the above calculations of f © g.

4.3. Basic Definitions

Definition 4.2. (Two-sided Laplace transformable functions). A function f(z) is called

two-sided Laplace transformable, if the set
O () = {w e B [ [f(@)ewmdo < oo,
Rn

has a non-empty interior. Qg.(f(z)) is called the region of convergence of f(x).
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The following theorem is a consequence of the above definition.

Theorem 4.2. Let f(x) be a two-sided Laplace transformable function. Then the

integral

/n e’ ? f(x)dx

converges for every s such that (Re sy, ..., Res,) € Qp-(f(x)).

Proof: If (s1,...,8,) € C"and (Resy,..., Res,) € Qp.(f(x)), then

[ ler=r@)iaz = [ eermete s @)l de < oo

since f(x) is two-sided Laplace transformable. O

Definition 4.3. (Two-sided Laplace transform). Let f(z) be a function of (z1, ..., Z,),

then

Lif@yst = [ ei(e)ds

is called the two-sided Laplace transform of f(z).

Thus, the two-sided Laplace transform of f(z) is a function defined in the region

of convergence of f.
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4.4. Basic QOperational Properties of the Laplace Transform

Theorem 4.3. (Shifting Property). If f(x) is Laplace transformable and a € R”, then

e *® f(x) is Laplace transformable and we have

L1 L{e*®f(z);8} = L{f(x);s+ a}.

Moreover, Qg.(e**f(x)) = Qp.(f(z)) — a.
Proof: From the definition,

e flays) = [ e flzda

= / el ® f(x)da
Rn
= L{f(z);s+ a}.

Thus, L1 holds. Since £ {f(z); s + a} is defined whenever s + a € Qp.(f(x)),
L {e*® f(x); s} must be defined for s € Q.(f(z)) — a.

Theorem 4.4. (Translation Property). If f(x) is Laplace transformable and a € R",

then f(x + a) is Laplace transformable and we have

L2 L{f(z+ a);s} =e **L{f(x); s}.

Moreover, Qp.(f(z + a)) = Qp.(f(x)).
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Proof: Allowing u = z + a_ we obtain

L{f(x+ a);8} = /ne‘”f(w + a)dz
= /ne"(“"“)f(u)du

= e_“"’/ e’ f(u)du
RrRn
= e *L{f(z);s}.

L2 holds. Since e"**L{f(x); s} is defined whenever s € Qp.(f(x)), L{f(x + a); s}
must also be defined for s € Qp.(f(x)). O

Theorem 4.5. (Scaling Property). If f(x) is Laplace transformable, then

f(z1,...,azk, ..., z,) is Laplace transformable and we have

L3 L{f(z1,...,0Tky...,Tn); 8} = %C{f(w); (sl,...,%k,...,sn)}.

Moreover, Qg (f(z1,...,8Tk, ..., Tn)) = ai © Qga(f(x)), where

a, =(1,...,1,q,1,...,1) with a being in the kth place.
Proof: We are applying the scalar a to only one component in the vector,

L{f(z1,...,azk,...,Zp);8} = / e*?f(z1,...,aTk, ..., Ty )dx

= /eslzl---es"z"---es"””f(xl,...,axk,...,xn)du
n
1 sz kg SnTn
= ] etexioe flz1,...,z,)du
1 Sk
= Eﬁ{f(w);(31,...,—(—1—,...,sn>}.
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L3 holds. Since 1{f(x); (s1,..., %, ... ,8,) } is defined whenever

' !

(sl,... , 2%, ...,sn) € Qg (f(2)), L{f(z1,...,a%k,...,T,); 8} must be defined for

s € ag o O (f()).

Corollary 4.5, If f(z) is Laplace transformable and a # 0, then f(a o x) is Laplace

transformable and we have

cli@on)io) = o te{s@y (. 2) .

an

Moreover, Qg.(f(a o)) = a o Qp.(f(x)).

Theorem 4.6. (Derivatives of the Laplace Transform). If f(x) is Laplace

transformable, thenzy, f (x) is Laplace transformable and we have
0
L4 55, L @)isk =L {zxf(z); s},

where k € {1,2,...,n}. Moreover, Qp.(zif(x)) = Qp(f(z)).

Proof: By differentiating within the integral sign, we obtain

9 e®?
Lot = [ gmei@is
= /na:ke"‘zf(a:)da:

= /e Tz f(x)de
LAz f(x); s}.

Clearly, L4 holds. Since £{z f(x); s} is defined whenever s € Qg.(f()),
3Sk£ {f(x); s} must also be defined for s € Qg.(f(z)).
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Theorem 4.7. (Laplace Transform of Derivatives). If f(z) is Laplace transformable

and lim e*% f(x) = lim e f(x) = 0 for all sy, such that there is
Tp—00 Tp——00

(81, -+ 38k -+ 5n) € Qpe(f(x)) and all x € R", then -ang(m) is Laplace

transformable and we have

Ls c{a—z;f(w);s} = sl {f(@); s},

where k € {1,2,...,n}. Moreover, QRn(%f(a:)) = Qp~(f(2)).

Proof: Using integration by parts in the integral with respect to z,

ﬁ{-éf;—kﬂm);s} = [ o flelde
= —siLA{f(z);s}.

This proves L5. Since — sy L{f(x); s} is defined whenever s € Qg.(f()),
E{b%kf(a:); s} must be defined for s € Qp.(f(z)).

Theorem 4.8. (Convolution Theorem). If f(x) and g(x) is Laplace transformable and

Qpe(f(@)) O (Qpn(g(x)) # 0, then f(x) * g(x) is Laplace transformable and we have
L6 L{f(z) * g(x); s} = L{f(=); s}L{g(=); s}.

Moreover, Qp.(f(x) * g(z)) C Qga(f(2)) N (Qg-(g(z)).
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Proof: Allowing u = = — y and changing the order of integration, we get

L{f(z)* g(z);s} = / n /e fto - v)o(u)dady
N / / " f(u)g(y)dudy

= [ vy [ e swn
= L{f(z);s} Llg(@)s}.

Thus, L6 holds. Since £{ f(z); s} and L£{g(x); s} are defined whenever 8 € Qg.(f(x))
and s € Qg.(g(x)) respectively, L{ f(x) * g(x); s} must be defined for s

€ Qg (f()) N Qg (9(2))- O

Remark. The two-sided Laplace transform of functions with n variables can be viewed as
an iterated application of n two-sided Laplace transforms with respect to variables
(z1,...,Z,). Therefore, the inversion formula can be obtained by iterated application of

the two-sided Laplace transform of functions of a single variable (see Theorem 2.8).
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CHAPTER 5
MELLIN TRANSFORM OF
FUNCTIONS OF n VARIABLES

In this chapter, the Mellin transform of f(¢) and its properties are derived using
simple substitutions and basic properties of the Laplace transform of functions of n

variables.

5.1. Basic Definitions and Comparison with the Laplace Transform

Definition 5.1. (Mellin transformable functions). The function f(t) is Mellin

transformable if the set

Sl @) = {were: [ et ras < oo}

has a non-empty interior. Ag.(f(t)) is called the region of convergence of f(#).

Theorem 5.1. A4 function f : RY — R" is Mellin transformable if and only if
f(e*,...,e™) is Laplace transformable. Moreover, Ag.(f(t)) = Qr-(f(e™,...,€™)).
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Proof: Note that
/ |f(e™, ..., )| "|dz
Rn

= / |f(€z1 yenes ezn) | | e(Re s)zy .e(Re 3n)Zn ||e(ilm31)a:1 . .e(ilmsn)zn |d:13
Rn

— / lf(e:cl’ e ewn)le(Resl)m_“e(Resn)zndw

dt1 dt
¢ tResl tRes Lo
= [ s -

= [ s ---t&”ﬂdt.
R?

This proves that Ag.(f(2)) = Qr~(f(e™,...,€")) and f(t) is Mellin transformable if

and only if f(e®, ..., e*) is Laplace transformable. O
Theorem 5.2. If f(t) is a Mellin transformable function, then the integral
[ttt
n
converges for every s € C" such that (Resy, ...,Res,) € Ars(f(2)).

Proof: Since

oL el ()| dt = / 1F(€™, ..., e%) e e " nda,
R? Rr

this proof follows from Theorem 5.1. O
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Definition 5.2. (The Mellin Transform). Let f be a function of n variables (1,.. . ,ts)

then

MUF@s=[ 7t eyt

is called the Mellin transform of f(t).

Thus the Mellin transform of f(¢) is a function defined in the region of
convergence of f.
Suppose we take f(z), substitute = (Inty, ..., Int,), then apply the Mellin

transform

M{f(Intq,...,Int,); s} = / t§1_1°~-t§“_1f(lnt1, ...,Int,)dt
Ry

= / et™...e*" f(Ine™,...,Ine")dx
n

= / e f(x)dz.

In other words, the Laplace transform of f(z) is the same as the Mellin transform of

f(inty,...,Int,)and we have the relation,

L{f(x);s} = M {f(Inty,...,Int,); s}.

These two equalities will be useful in proving the basic properties of the Mellin transform.

We formulate them more precisely in the following two theorems.
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Theorem 5.3. If f(x) is Laplace transformable, then f(Inty, ..., Int,)is Mellin

transformable and

L{f(z);s} = M{f(Inty,...,Int,); s}.

Theorem 5.4. If f(t) is Mellin transformable, then f(e™, ... ,e")is Laplace

transformable and

M {f(t);s} = L{f(e",...,€™); 8}

Taking into account our previous discussion, we can say that the two-sided
Laplace transform of n variables and the Mellin transform of n variables are two versions
of the same transform. The first one is defined for functions on the group (R*, + ), and
the second one is defined on the isomorphic group (R}, < ). The group isomorphism,

®(zy,...,2,) = (€™,...,€™),

identifies the two transforms.

5.2. Basic Operational Properties of the Mellin Transform

As in the single variable case, we will prove the following properties by using a
similar procedure: allowing ¢ = (e™,...,e") and rewriting the Mellin transform in
terms of the Laplace transform, M {f(¢); s} =L {f(e™,...,e™); s}, we then construct
the proofs using only Laplace properties. Finally, once the proofiis completed in the

Laplace space, we transform the end result to the Mellin space using the same substitution.
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Theorem 5.5. (Scaling Property). If f(t) is a Mellin transformable function and

a € R?, then the function f(a ¢ t) is Mellin transformable and we have

M1 {flaot);s} = (o™ a;")M{f(2); s},

Moreover, Ag-(f(aot)) = Ar-(f(2)).
Proof: By replacing t = (e™,...,e"), we have

M{flaot);s} = L{f(ao (7,...,"™)); s}

= ,C{f((elnal,...,eln“")o (exl,...,ez”));s}

= L{f(emtP, Bt P
g olnar, gmslnan ot fet )i} (by L2)
= a0, " M{f(2); s}.

This proves M1. Since a; *-- a,,**M{ f(t); s} is defined for s € Ar-(f(2)),
M{f(aot); s} must also be defined for s € Ag-(f(2)). O

Theorem 5.6. If f(t) is a Mellin transformable function and a € R?, then the function
13- -2 f(t) is Mellin transformable and we have

M2 Mt -t f(t); 8} = M{f(t); s+ a}.

Moreover, Ag« (1 ---t2 f(t)) = Ag~(f(¢)) — a.

Proof: Using L1 for n variables, it is clear that

Mt -t f(t); 8} = L{eM™...e™™f(e™,...,e™); 5}
L{e** f(e™,...,e™); s}
L{f(e™,...,e""); s+ a} (by L1)
= M{f();s+ a}.
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This proves M2. Since M{ f(t); s + a)} is defined for s + a € Ar-(f(2)),
M52 f(t); s} must be defined for s € Ag~(f(2)) — a. O

Theorem 5.7. If f(¢) is a Mellin transformable function, then the function f(t1', ..., tz")

is Mellin transformable and we have

M3 M{fQET, ... ) 8) = ?‘LlT"';l—M{f(t); (%,...,ff’)}

n an

Moreover, Ap-(f(t7},...,t%)) = a o Apn(f(2)).
Proof: For this particular proof, L3 for n variables, is used to show

M{f@ES, ... )8 = L{f(e"™,...,e"""); s}
= -1—---—1—£{f(e"",...,e”"); (ﬂ,...,s—")}
a a, ay an

11 N
L Tl (22))

This proves M3. Since (;1-11—~ CIYM{f(R); (2,...,2)} is defined for

an

Ly 2) € Are(f(2)), M{f({t],...,t%); s} must be defined for s € a o Ag-(f(2)).

O
Theorem 5.8. If f(t) is a Mellin transformable function, then the function
PREE 21: F(&, ..., &) is Mellin transformable and we have

1 1 1 1 1 1
M4 M {Et_,:f(a’,E)S} = M{f(a,---,g);s“(1,---,1)}-

Moreover, A]Rn(zlr‘“%f(%,... , é), s) = Ar-(f(2)) + (1,...,1).
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Proof: Using L1 for n variables, we have !

M{le_....t%f(-t—ll—,...,-%);s} = L{e ™ f(e™™,...,e"); 8}
= L{f(e™,...,e™);8s—(1,...,1)}

1 1
= M{f(a,...,a);s—(1,...,1)}.

This proves M4. Since M{f(%, cees %);3 - (1,...,1)} is defined for
s—(1,...,1) € Ar(f(2)), M{%tlf(%, ooy 51; ; 8} must be defined for
s € Ar(f(2)+(1,...,1). O

Theorem 5.9. If f(t) is a Mellin transformable function, then the function

(log t.) f (t) is Mellin transformable and we have

M5 M{(log ) (2); s} = gj—kM{f(txs},

where k € {1,2,...n}. Moreover, Ag-((log t;)f (t)) = Ar~(f(2))
Proof: Here, L4 for n variables is required to show that

M{(logtp)f(t);s} = L{loge™f(e™,...,e™);s}
= L{zpf(e™,...,e™); s}

—_ __Q_ T ZTn\.
= 6Sk£{f(e yeeey€); 8} |

0
= EM{f(t); s}

Clearly, M5 holds. Since %M{ f(t); s} is defined for s € Ar~(f(2)),
M({(log ti)f (t); s} must also be defined for s € Ag-(f(2)). O
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Theorem 5.10. (Mellin Transforms of Derivatives). If f(t) is a Mellin transformable

Junction, then the function %f (t) is Mellin transformable and we have
0
M6 M{éﬁf(t), s} = — (s = DM{f(®); (s1,---»8k — 1,...80)},

where k € {1,2,...n}. Moreover, ARn(b‘%"f(t)) = Ar:(f(2)) + (0,...,1,...,0), with

1 being in the k-th place.

Proof: Note that if we differentiate f(e®™,...,e), we simply get e™ fi(e™, ..., e"™)
where f}, is the k-th partial derivative. Therefore, to prove the above relation, we let

h(z) = f(e™,...,e™) implying ;2-h(z) = €™ fi(e™,...,e™), and we get

M{f(@t)ist = L{fe(e™,...,e7); 8}
= [,{e_x" 9 h(m);s}

Bazk

C{—a—%h(m);(sl,...,sk—1,...sn)} (by L1)

= — (s — DL{h(x);(s1,-.-,8k— 1,...82)} (by L5)
— (s = D)LC{f(e™,...,€");(s1,..., 8 — 1,...5,)}
— (s — DHM{f(t); (81y.--y8 — 1,... 8n)}-

This proves M6. Since — (s, — L)M{f(%); (s1,...,8k — 1,...85)} is defined for
(81,.--y8k — 1,...8,) € Arn(f(2)), M{;gk—f(t); s} must be defined for
s € Ar-(f(?)) +(0,...,1,...,0). |
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Theorem 5.11. (Convolution Property). If f(t) and g(t) are Mellin transformable

function and Ag-(f(t)) 0 Ar=(g(2)) # 0, then the function f(t) © g(t) is Mellin

transformable and we have

M7 M{f(t) @ g(t); s} = M{f)}M{g(t)}.

Moreover, Ag-(f() ® g(t)) C Ar+(f(2)) N Ar-(g(2)).

Proof: Using Theorem 4.1, we can rewrite

M{f@)0g);s} = L{f(e™,...,e™)xg(e™,...,e™); 8}
L{f(e™,...,e™);s}L{g(e™,...,e™);8}  (byL6)
= M{f(t); s} M{g(¢); s},

Clearly, M7 holds. Since M{ f(%); s} and M{ f(t); s}are defined for s € Ar~(f(2))
and s € Apn(g(t)), M{f(t) ® g(t); s} must be contained in Ag~(f(¢)) N Ar-(g(¢). O

Remark. The Mellin transform of functions with n variables can be viewed as an iterated

application of n Mellin transforms with respect to variables (t1,...,t,). Therefore, the
inversion formula can be obtained by iterated application of the inverse Mellin transform

of functions of a single variable.
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